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Abstract
A power-counting theorem is presented, that is designed to play an analogous role, in
the proof of a BPHZ convergence theorem, in Euclidean position space, to the role
played by Weinberg’s power-counting theorem, in Zimmermann’s proof of the BPHZ
convergence theorem, in momentum space. If x denotes a position space configuration,
of the vertices, of a Feynman diagram, and σ is a real number, such that 0 < σ < 1, a
σ-cluster, of x, is a nonempty subset, J , of the vertices of the diagram, such that the
maximum distance, between any two vertices, in J , is less than σ, times the minimum
distance, from any vertex, in J , to any vertex, not in J . The set of all the σ-clusters,
of x, has similar combinatoric properties to a forest, and the configuration space, of
the vertices, is cut up into a finite number of sectors, classified by the set of all their
σ-clusters. It is proved that if, for each such sector, the integrand can be bounded by
an expression, that satisfies a certain power-counting requirement, for each σ-cluster,
then the integral, over the position, of any one vertex, is absolutely convergent, and
the result can be bounded by the sum of a finite number of expressions, of the same
type, each of which satisfies the corresponding power-counting requirements.
What follows is the LATEX2e transcription of my 1988 paper, with references added.
Conventions, some definitions, and some combinatoric Lemmas, are given in Section
2. σ-clusters are introduced, and some related Lemmas are established, in Section 3.
The Cluster Convergence Theorem is stated, and proved, in Section 4, and the paper
concludes with an Appendix, on σ-clusters.
An application of the Cluster Convergence Theorem, to the proof of a BHPZ conver-
gence theorem, in Euclidean position space, without exponentiating the propagators, is
presently available, at [1]. A power-counting convergence theorem was proved, in mo-
mentum space, by Weinberg [2]. This was used to prove a BPHZ convergence theorem,
in momentum space, by Zimmermann [3]. BPHZ renormalization was introduced by
Bogoliubov and Parasiuk [4], and a BPHZ convergence proof, in the parameter space,
of the exponentiated propagators, was given by Hepp [5]. The idea, of σ-clusters, arose
from seeking an analogue, in position space, of the momentum space clusters, used by
’t Hooft [6].
1Email: chrisaustin@ukonline.co.uk
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1 Introduction
Many attempts to make QCD into a quantitative theory, for hadrons, involve the use
of Wilson loops. When a Feynman diagram, contributing to a Wilson loop expectation
value, is calculated, some of the vertices, of the diagram, must be integrated, along
the loop. For such a calculation, it is desirable to be able to carry out the calculation,
of the diagram, directly in position space, and, in particular, it is desirable to under-
stand, in as much detail, as possible, how the cancellation of short-distance divergences,
when the diagram is renormalized, works in position space. As a preliminary step, in
this direction, I shall present, in this paper, a power-counting theorem, the “Cluster
Convergence Theorem”, for use in Euclidean position space.
2 Preparations.
Let A, and B, be any two sets. I shall use the convention, that the notation, A ⊆ B,
means “A is a subset of B”, and includes the possibility, that A = B. I shall write
A ⊂ B, and say “A is a strict subset of B”, to indicate that A is a subset of B, but not
equal to B. The notation A ⊢ B, (“A outside B”), means the set of all the members,
of A, that are not members, of B.
The word “ifif” is short for “if and only if”.
For any finite set, A, the notation, # (A), indicates the number of members, of A.
If n is an integer, ≥ 0, an n-member set is a finite set, A, such that # (A) = n.
The symbol, ∅, denotes the empty set.
A map is a set, M , whose members are all ordered pairs, and which satisfies the
requirement, that if (a, b) ∈M , and (e, f) ∈ M , then a = e implies b = f .
For any map, M , I define D (M), the domain of M , to be the set of all the first
components, of members, of M , and R (M), the range of M , to be the set of all the
second components, of members, of M . Note that D (M) is finite, ifif M is finite, and
that if M is finite, then # (D (M)) = # (M), and # (R (M)) ≤ #(M).
If M is a map, and i is a member of D (M), then the notation, Mi, denotes the
second component of the unique member, of M , whose first component, is i.
Note that if M is a map, then every subset, of M , is also a map.
For any ordered pair, (M,A), of a map, M , and a subset, A, of D (M), I define
N (M,A), the restriction, of M , to the domain, A, to be the unique subset, of M ,
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whose domain, is A; that is, N (M,A) is the set of all the members, of M , whose first
components, are members, of A.
For any two sets, A, and B, I shall denote, by BA, the set, whose members are all
the maps, whose domain is A, and whose range is a subset, of B.
A bijection is a map, M , such that, if (a, b) ∈ M , and (e, f) ∈ M , then b = f
implies a = e.
Let A, and B, be any two distinct sets. I shall say that the two-member set, {A,B},
is disjoint , ifif A ∩B is empty, and compatible, ifif at least one, of A ⊢ B, and A ∩ B,
and B ⊢ A, is empty. I shall say that A overlaps B, ifif the two-member set, {A,B},
is not compatible.
If F is any set, all of whose members are, themselves, sets, I shall say that F
is disjoint , ifif every two-member subset, of F , is disjoint, and compatible, ifif every
two-member subset, of F , is compatible.
For any set, F , whose members are all, themselves, sets, I define U (F ) to be the
union, of all the members, of F .
For any set, F , whose members are all finite sets, I define B (F ) to be the set, whose
members are all the members, A, of F , such that # (A) ≥ 2.
A partition is a disjoint set, none of whose members is empty. If A is any set, a
partition, of A, is a partition, F , such that U (F ) = A.
Note that if A is any set, and F is a set, such that every member, of F , is a set, no
member, of F , is empty, U (F ) = A, and for each member, i, of A, there is exactly one
member, B, of F , such that i ∈ B holds, then F is a partition, of A.
And note that, if F is a partition, and G is a subset, of F , such that U (G) = U (F ),
then G = F .
A forest is a compatible set, F , such that U (F ) is finite, and no member, of F , is
empty. A leaf is a one-member set.
A greenwood is a compatible set, F , such that U (F ) is finite, # (U (F )) ≥ 2, the
empty set, ∅, is not a member of F , and every one-member subset, of U (F ), is a
member, of F .
Note that if F is a greenwood, then F is finite, and # (F ) < 2#(U(F )).
A greenwood, F , is high, ifif U (F ) is a member, of F , and low , ifif U (F ) is not a
member, of F .
If A is any finite set, such that # (A) ≥ 2, a greenwood, of A, is a greenwood,
F , such that U (F ) = A. I shall denote the set, whose members are all the high
3
greenwoods, of A, by H (A). Note that H (A) is finite, and that # (H (A)) < 2(2
#(A)),
and that # (H (A)) depends, only, on # (A).
For any ordered pair, (F,A), of a greenwood, F , and a subset, A, of U (F ), such
that # (A) ≥ 2, I define L (F,A), the crown, of A, in F , to be the set, whose members
are all the members, B, of F , such that B ⊂ A. Note that L (F,A) is a low greenwood,
of A.
For any ordered pair, (F,A), of a greenwood, F , and a subset, A, of U (F ), such
that # (A) ≥ 2, I define S (F,A), the projection, of F , to A, to be the set, whose
members are all the distinct, nonempty, B ∩ A, for B ∈ F . Note that S (F,A) is a
greenwood, of A, and that if F is high, then S (F,A) is high, and that L (F,A) is a
subset, of S (F,A).
Note that if F is a greenwood, A is a subset, of U (F ), such that # (A) ≥ 2, and B
is any member, of S (F,A), then there is a member, W , of F , such that W ∩ A = B.
In particular if F is a greenwood, such that # (U (F )) ≥ 3, i is any member, of U (F ),
J ≡ (U (F ) ⊢ {i}), and A is any member, of S (F, J), then at least one, of A, and
(A ∪ {i}), is a member, of F .
For any ordered pair, (F,A), of a greenwood, F , and a nonempty subset, A, of
U (F ), I define E (F,A), the stem, of A, in F , to be the set, whose members are all
the members, B, of F , such that A ⊂ B, and I define L (F,A), the level, of A, in F ,
by L (F,A) ≡ #(E (F,A)). Note that L (F,A) is an integer, ≥ 0.
Note that if F is a greenwood, and A, and B, are members, of F , such that A ⊂ B,
then L (F,B) < L (F,A).
Now if F is a greenwood, A is a nonempty subset, of U (F ), such that L (F,A) ≥ 1,
and B, and C, are members, of E (F,A), then B∩C is nonempty, hence exactly one, of
B ⊂ C, B = C, and C ⊂ B, holds, hence, if B 6= C, then L (F,B) 6= L (F,C). Hence
the levels, in F , of the L (F,A) members, of E (F,A), are L (F,A) distinct integers,
≥ 0, and ≤ (L (F,A)− 1), hence, for each integer, n, such that 0 ≤ n ≤ (L (F,A)− 1),
there is exactly one member, B, of E (F,A), such that L (F,B) = n.
For any ordered pair, (F,A), of a greenwood, F , and a subset, A, of U (F ), such
that L (F,A) ≥ 1, I define C (F,A), the container, of A, in F , to be the unique
member, B, of E (F,A), such that L (F,B) = (L (F,A)− 1).
Note that this definition implies, that, if F is any greenwood, and A is any nonempty
subset, of U (F ), such that L (F,A) ≥ 1, then A ⊂ C (F,A) holds, and that if K is
any member, of F , such that A ⊂ K holds, then C (F,A) ⊆ K holds, hence there is no
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member, K, of F , such that A ⊂ K, and K ⊂ C (F,A), both hold. Furthermore, if F
is any greenwood, A is any nonempty subset, of U (F ), such that L (F,A) ≥ 1 holds,
and B is a member, of F , such that A ⊂ B holds, and there is no member, K, of F ,
such that A ⊂ K, and K ⊂ B, both hold, then B = C (F,A).
For any ordered pair, (F,A), of a greenwood, F , and a subset, A, of U (F ), such
that # (A) ≥ 2, I define P (F,A) to be the set, whose members are all the members,
B, of L (F,A), such that L (L (F,A) , B) = 0.
Now L (F,A) is a low greenwood, of A. Let i be any member, of A. Then {i} is a
member, of L (F,A), and there is exactly one member, B, of E (L (F,A) , {i})∪ {{i}},
such that L (L (F,A) , B) = 0, hence there is exactly one member, B, of P (F,A), such
that i ∈ B. Furthermore, no member, of P (F,A), is empty, and U (P (F,A)) = A,
hence P (F,A) is a partition, of A. I will call P (F,A) the partition, of A, in F .
Now if B is any member, of F , such that B ⊂ A, and there is no member, K, of
F , such that B ⊂ K, and K ⊂ A, both hold, then B is a member, of L (F,A), and
L (L (F,A) , B) = 0, hence B is a member, of P (F,A). And if B is any member, of
P (F,A), then B ⊂ A holds, and there is no member, K, of F , such that B ⊂ K, and
K ⊂ A, both hold. Hence P (F,A) is the set, whose members are all the members, B,
of F , such that B ⊂ A holds, and there is no member, K, of F , such that B ⊂ K, and
K ⊂ A, both hold.
Note that if F is any greenwood, and A is any member of B (F ), then P (F,A) is
the set, whose members are all the members, B, of F , such that L (F,B) ≥ 1, and
C (F,B) = A, both hold, and that if F is any greenwood, and A is any member, of F ,
such that L (F,A) ≥ 1 holds, then A is a member, of P (F, C (F,A)).
For any ordered triple, (F,A, b), of a greenwood, F , a subset, A, of U (F ), such that
# (A) ≥ 2, and a member, b, of A, I define K (F,A, b) to be the unique member, B, of
P (F,A), such that b ∈ B.
Note that if F is any high greenwood, and A is any nonempty, strict subset, of
U (F ), then L (F,A) ≥ 1, so C (F,A) is defined.
For any ordered pair, (F, i), of a high greenwood, F , and a member, i, of U (F ), I
define H (F, i) ≡ (C (F, {i}) ⊢ {i}). Note that H (F, i) has at least one member, that
i is not a member of H (F, i), and that (H (F, i) ∪ {i}) = C (F, {i}). Furthermore,
if # (U (F )) ≥ 3, then H (F, i) is a member of S (F, (U (F ) ⊢ {i})), since H (F, i) =
C (F, {i}) ∩ (U (F ) ⊢ {i}), and H (F, i) is nonempty.
For any finite set, A, such that # (A) ≥ 2, I define Q (A) to be the set, whose mem-
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bers are all the two-member subsets, of A. Note that # (Q (A)) = 1
2
#(A) (# (A)− 1).
For each ordered pair, (F,A), of a greenwood, F , and a subset, A, of U (F ), such
that # (A) ≥ 2, I define W (F,A) to be the set, whose members are all the two-
member subsets, of A, that are not subsets, of any member, of P (F,A). In other
words, W (F,A) is the set, whose members are all the two-member subsets, of A,
that have nonempty intersection, with two distinct members, of P (F,A). Note that
W (F,A) is always nonempty, since P (F,A) always has at least two members.
The symbol, R, denotes the set of all the finite, real numbers.
Ed denotes d-dimensional Euclidean space. Note that for any three points x1, x2,
and x3 of Ed, the triangle inequality, |x1 − x2| ≤ |x1 − x3|+ |x3 − x2|, holds.
I shall assume d ≥ 1, throughout the paper.
For all t ∈ R I define
S (t) =
{
1 ifif t ≥ 0
0 ifif t < 0
}
,
and
U (t) =
{
t if t ≥ 0
0 if t ≤ 0
}
,
and
M (t) =
{
t if t ≥ 0
−t if t ≤ 0
}
.
Lemma 1. Let F be any greenwood, B be any member, of F , such that B 6= U (F ),
i, and j, be any members, of B, and k be any member, of (U (F ) ⊢ B). Then for every
member, A, of F , {i, k} ⊆ A ifif {j, k} ⊆ A.
For exactly one of the three possibilities, A ⊆ B, A ∩ B = ∅, and B ⊂ A holds.
First suppose A ⊆ B. Then k /∈ A, hence neither {i, k}, nor {j, k}, is a subset, of
A.
Now suppose A ∩ B = ∅. Then i /∈ A, and j /∈ A, hence neither {i, k}, nor {j, k},
is a subset, of A.
Finally, suppose B ⊂ A. Then i ∈ A, and j ∈ A, hence {i, k} ⊆ A, ifif {j, k} ⊆ A.
Lemma 2. Let F be any high greenwood, J be any subset, of U (F ), such that
# (J) ≥ 2, E be any greenwood, of J , such that S (F, J) ⊂ E, A be any member,
of (E ⊢ S (F, J)), a, and b, be any two members, of A, such that {a, b} ∈ W (E,A),
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e be any member, of A, and f be any member, of (C (E,A) ⊢ A). Then {a, b} ∈
W (F, C (F,A)), and {e, f} ∈ W (F, C (F,A)).
Proof. Note that S (F, J) ⊂ E implies that J ∈ E, hence E is high, and note that
A ∈ (E ⊢ S (F, J)) implies that # (A) ≥ 2, and that A ⊂ J , henceW (E,A) is defined,
and nonempty, and C (E,A), and C (F,A), are defined.
Note, also, that A ∈ (E ⊢ S (F, J)) implies that A is not a member, of S (F, J),
hence that A is not a member, of F .
Now {a, b} is a member, of Q (C (F,A)). Suppose K is a member, of P (F, C (F,A)),
such that {a, b} ⊆ K. Now {a, b} ⊆ J holds, hence {a, b} ⊆ (K ∩ J) holds, hence
(K ∩ J) is nonempty, hence is a member, of S (F, J), hence is a member, of E. Now the
definition, of C (F,A), implies that A is not a strict subset, ofK, andA /∈ F implies that
A 6= K, hence A is not a subset of K, hence A ⊢ K is nonempty, hence A ⊢ (K ∩ J) is
nonempty. Furthermore, {a, b} ⊆ (A ∩ (K ∩ J)), hence A∩(K ∩ J) is nonempty, hence
(K ∩ J) ⊂ A must hold, since E is a greenwood. This contradicts {a, b} ∈ W (E,A),
since {a, b} ⊆ (K ∩ J). Hence there cannot be any member, K, of P (F, C (F,A)), such
that {a, b} ⊆ K holds, hence {a, b} is a member, of W (F, C (F,A)).
Now A ⊆ C (F,A), and A ⊆ J , both hold, hence A ⊆ (C (F,A) ∩ J) holds. Hence
(C (F,A) ∩ J) is nonempty, hence is a member, of S (F, J). Hence the assumption, that
A is a member, of (E ⊢ S (F, J)), hence that A is not a member, of S (F, J), implies that
A is not equal, to (C (F,A) ∩ J), hence that A ⊂ (C (F,A) ∩ J) holds. Furthermore,
the facts that (C (F,A) ∩ J) ∈ S (F, J), and that S (F, J) ⊂ E, together imply, that
(C (F,A) ∩ J) ∈ E. Hence the definition, of C (E,A), implies C (E,A) ⊆ (C (F,A) ∩ J),
hence C (E,A) is a subset, of C (F,A).
Hence {e, f} is a member, ofQ (C(F,A)). SupposeM is a member, of P(F, C(F,A)),
such that {e, f} ⊆ M . Now {e, f} ⊆ J holds, hence {e, f} ⊆ (M ∩ J) holds, hence
(M ∩ J) is nonempty, hence is a member of S (F, J), hence is a member, of E. Now e is
a member, of A ∩ (M ∩ J), and f is a member, of ((M ∩ J) ⊢ A), hence A ⊂ (M ∩ J)
must hold, since E is a greenwood. But this implies A ⊂ M , which is impossible, by
the definition of C (F,A). Hence there cannot be any member, M , of P (F, C (F,A)),
such that {e, f} ⊆M holds, hence {e, f} is a member, of W (F, C (F,A)).
Lemma 3. Let F be any high greenwood, let A be any member, of B (F ⊢ {U (F )}),
let a, and b, be any two members, of A, such that K (F,A, a) 6= K (F,A, b), let e be any
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member, of A, and let f be any member, of (C (F,A) ⊢ A). Then for every member,
B, of F , such that B 6= A, {e, f} ⊆ B ifif {a, b} ⊆ B.
For the facts that A ∈ F , B ∈ F , and B 6= A, together imply, that exactly one of
the three possibilities, B ⊂ A, A ∩ B = ∅, and A ⊂ B, holds.
If B ⊂ A, then f /∈ B, hence {e, f} is not a subset, of B. And the fact, that
K (F,A, a) 6= K (F,A, b), implies that {a, b} is not a subset, of any member, of L (F,A),
and, in particular, {a, b} is not a subset, of B.
If A ∩ B = ∅, then e /∈ B, hence {e, f} is not a subset, of B, and a /∈ B, hence
{a, b} is not a subset, of B.
If A ⊂ B, then {a, b} ⊆ B. And A ⊂ B, and the definition, of C (F,A), together
imply, that C (F,A) ⊆ B. But {e, f} ⊆ C (F,A), hence {e, f} ⊆ B.
Lemma 4. Let F be a greenwood, let A be a member, of F , such that L (F,A) ≥ 1,
and such that (C (F,A) ⊢ A) has at least two members, let J ≡ (U (F ) ⊢ A), and let
K ≡ (C (F,A) ⊢ A). Then L (S (F, J) , K) = L (F,K).
(Note that K ⊆ J , hence J has at least two members, hence S (F, J) is defined.)
Proof. First, let B be any member, of L (F,K). Then B is a member, of F , such that
B ⊂ K. Hence B is a subset, of J , hence B is a member, of S (F, J), hence B is a
member, of L (S (F, J) , K), since B ⊂ K holds.
Now let B be any member, of L (S (F, J) , K). Then B is a member, of S (F, J),
such that B ⊂ K. Now B ∈ S (F, J) implies that there is a member, W , of F , such
that B =W ∩ J = W ∩ (U (F ) ⊢ A) = W ⊢ A, since W is a subset, of U (F ).
Now W ∈ F , and A ∈ F , together imply, that exactly one of the three possibilities,
W ⊆ A, A ⊂ W , and A ∩W = ∅, holds.
And B is nonempty, hence B = W ⊢ A implies W ⊆ A cannot hold.
Now the fact, that B ⊂ K, implies that there is a member, say j, of K, such that
j /∈ B. Then j is a member, of J , hence j /∈ (W ∩ J) implies j /∈ W , hence K ⊢ W
is nonempty. But K is a subset, of C (F,A), hence (C (F,A) ⊢ W ) is nonempty, hence
C (F,A) is not a subset, of W . Hence A ⊂ W cannot hold, since A ⊂ W implies
C (F,A) ⊆ W .
The only remaining possibility is A ∩ W = ∅, hence A ∩ W = ∅ holds, hence
B = W ⊢ A = W , hence B is a member, of F , hence B is a member, of L (F,K), since
B ⊂ K holds.
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For any ordered pair, (F, i), of a high greenwood, F , and a member, i, of U (F ), I de-
finedH (F, i), on page 5, byH (F, i) ≡ (C (F, {i}) ⊢ {i}), and noted thatH (F, i) always
has at least one member, that i is not a member, of H (F, i), that (H (F, i) ∪ {i}) =
C (F, {i}), and that, if # (U (F )) ≥ 3, thenH (F, i) is a member, of S (F, (U (F ) ⊢ {i})).
Now for any ordered pair, (F,A), of a high greenwood, F , and a member, A, of
F , such that A 6= U (F ), the definition, of C (F,A), implies that A is a member,
of P (F, C (F,A)). Hence {i} is always a member, of P (F, C (F, {i})).
Lemma 5. Let F be any high greenwood, i be any member, of U (F ), and A be any
member, of P (F, C (F, {i})), such that A 6= {i}. Then A ⊆ H (F, i).
For the unique member, B, of P (F, C (F, {i})), such that i ∈ B, is B = {i}. Hence
if A is any member, of P (F, C (F, {i})), such that A 6= {i}, then i is not a member, of
A, hence A is a subset, of (C (F, {i}) ⊢ {i}) = H (F, i).
Note that Lemma 5 implies, that if F is any high greenwood, and i is any mem-
ber, of U (F ), such that H (F, i) is a member, of F , then H (F, i) is a member, of
P (F, C (F, {i})), and P (F, C (F, {i})) = {H (F, i) , {i}}.
Lemma 6. If F is any high greenwood, and i is any member, of U (F ), such that
H (F, i) is not a member, of F , then there exist two members, a, and b, of H (F, i),
such that K (F, C (F, {i}) , a) 6= K (F, C (F, {i}) , b).
For let A be any member, of P (F, C (F, {i})), such that A 6= {i}. Then A is a
subset, of H (F, i), by Lemma 5, and A is a member, of F , hence A 6= H (F, i), hence A
is a strict subset, of H (F, i), hence (H (F, i) ⊢ A) is nonempty. Let a be any member,
of A, and let b be any member, of (H (F, i) ⊢ A). Then K (F, C (F, {i}) , a) = A, and
K (F, C (F, {i}) , b) 6= A.
Lemma 7. Let F be a high greenwood, let i be a member, of U (F ), such that H (F, i)
is not a member, of F , and let J ≡ (U (F ) ⊢ {i}). Then P (S (F, J) ,H (F, i)) =
(P (F, C (F, {i})) ⊢ {{i}}).
Proof. Note that the assumption, that H (F, i) is not a member, of F , implies that
# (H (F, i)) ≥ 2. Hence Lemma 4, for the case, that A = {i}, and K = H (F, i),
implies that L (S(F, J) ,H (F, i)) = L (F,H (F, i)), hence that P (S (F, J) ,H (F, i)) =
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P (F,H (F, i)). And the assumption, that H (F, i) is not a member, of F , implies that
(P (F, C (F, {i})) ⊢ {{i}}) = P (F,H (F, i)), hence
P (S (F, J) ,H (F, i)) = (P (F, C (F, {i})) ⊢ {{i}}) holds.
3 σ-Clusters.
Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) is a subset of Ed,
and let σ be a real number, such that 0 < σ < 1. A σ-cluster, of x, is a nonempty
subset, J , of D (x), such that either # (J) = 1, or else |xi − xj | < σ |xk − xm| holds,
for all i ∈ J , j ∈ J , k ∈ J , and m ∈ (D (x) ⊢ J).
Note that every one-member subset, of D (x), is always a σ-cluster, of x, and that
D (x) is always a σ-cluster, of x.
I shall denote the set, whose members are all the σ-clusters, of x, by F (x, σ).
Lemma 8. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) is a
subset of Ed, and let σ be a real number, such that 0 < σ < 1. Then no two σ-clusters,
of x, overlap.
For if A, and B, are two overlapping subsets, of D (x), then A has a member, say
i, that is not a member, of B, (A ∩B) has at least one member, say j, and B has at
least one member, say k, that is not a member, of A. Hence # (A) ≥ 2, and # (B) ≥ 2.
Hence if A is a σ-cluster, of x, then |xi − xj | < σ |xj − xk|, and if B is a σ-cluster, of
x, then |xj − xk| < σ |xi − xj |, hence A, and B, cannot both be σ-clusters, of x.
Corollary. F (x, σ) is a high greenwood, of D (x).
In the Appendix, I display, for any ordered quintuple, (F, σ, d, z, L), of a high green-
wood, F, a real number, σ, such that 0 < σ < 1, an integer, d ≥ 1, a point, z, of Ed, and
a real number, L > 0, a subset, Z (F, σ, d, z, L), of (Ed)
U(F ), such that Z (F, σ, d, z, L)
has nonzero ((# (U (F ))) d)-volume, F (x, σ) = F holds, for all x ∈ Z (F, σ, d, z, L),
and |xi − z| ≤ L holds, for every member, i, of U (F ), for all x ∈ Z (F, σ, d, z, L).
Lemma 9. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let J be a subset, of D (x), such that # (J) ≥ 2, let y ≡ N (x, J) be the restriction, of
x, to the domain, J , and let A be a σ-cluster, of x. Then A ∩ J is a σ-cluster, of y,
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unless A ∩ J is empty.
For if # (A ∩ J) = 1, then A ∩ J is automatically a σ-cluster, of y = N (x, J). If
# (A ∩ J) ≥ 2, then # (A) ≥ 2, hence |xi − xj | < σ |xk − xm| holds, for all i ∈ A,
j ∈ A, k ∈ A, and m ∈ (D (x) ⊢ A), hence |yi − yj| < σ |yk − ym| holds, for all
i ∈ (A ∩ J), j ∈ (A ∩ J), k ∈ (A ∩ J), and m ∈ (J ⊢ (A ∩ J)), hence A ∩ J is a
σ-cluster, of y.
(Note that, for each member, k, of J , xk, and yk, are equally valid, alternative no-
tations, for the second component, of the unique member, of y, whose first component,
is k.)
Corollary. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let J be a subset, of D (x), such that # (J) ≥ 2, and let y ≡ N (x, J) be the restriction,
of x, to the domain, J . Then S (F (x, σ) , J) is a subset, of F (y, σ).
Lemma 10. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let J be a subset, of D (x), such that # (J) ≥ 2, let y ≡ N (x, J) be the restriction, of
x, to the domain, J , let A be a subset, of J , such that A is a σ-cluster, of x, and let B
be any subset, of A. Then B is a σ-cluster, of x, ifif B is a σ-cluster, of y.
Proof. First assume B is a σ-cluster, of x. Then, by Lemma 9, B ∩ J is a σ-cluster,
of y. But B ∩ J = B, hence B is a σ-cluster, of y.
Now assume B is a σ-cluster, of y. Then if # (B) = 1, B is automatically a σ-
cluster, of x. Assume, now, that B is a σ-cluster, of y, and that # (B) ≥ 2. Then
|xi − xj | < σ |xk − xm| holds, for all i ∈ B, j ∈ B, k ∈ B, and m ∈ (J ⊢ B), and this
is true, in particular, for all i ∈ B, j ∈ B, k ∈ B, and m ∈ (A ⊢ B). Now # (B) ≥ 2,
and B ⊆ A, hence # (A) ≥ 2, hence the fact, that A is a σ-cluster, of x, implies that
|xi − xj | < σ |xk − xm| holds, for all i ∈ A, j ∈ A, k ∈ A, and m ∈ (D (x) ⊢ A), and
this is true, in particular, for all i ∈ B, j ∈ B, k ∈ B, and m ∈ (D (x) ⊢ A). Hence
|xi − xj | < σ |xk − xm| holds, for all i ∈ B, j ∈ B, k ∈ B, and m ∈ (D (x) ⊢ B), hence
B is a σ-cluster, of x.
Corollary 1. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let J be a subset, of D (x), such that # (J) ≥ 2, let y ≡ N (x, J) be the restriction,
of x, to the domain, J , and let A be a subset, of J , such that # (A) ≥ 2, and A is a
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σ-cluster, of x. Then L (F (y, σ) , A) = L (F (x, σ) , A).
In particular, this is true, for all A ∈ B (P (F (x, σ) , J)).
Corollary 2. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let A be a σ-cluster, of x, such that # (A) ≥ 2, let y ≡ N (x,A) be the restriction, of
x, to the domain, A, and let B be any subset, of A. Then B is a σ-cluster, of x, ifif B
is a σ-cluster, of y.
Lemma 11. Let x be a map, such that D (x) is finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed,
let σ be a real number, such that 0 < σ < 1, let A be a σ-cluster, of x, such that
# (A) ≥ 2, let a, and b, be any two members, of A, such that K (F (x, σ) , A, a) 6=
K (F (x, σ) , A, b), let k, andm, be any members, of A, and let N ≡ #(P (F (x, σ) , A)).
Note that 2 ≤ N ≤ #(A).
Then |xk − xm| ≤ σ
(
1+2σ
σ
)N−1
|xa − xb|.
Proof. For each integer, p, such that 1 ≤ p ≤ N , let I (p) be the set, whose members
are the p integers ≥ 1 and ≤ p, and let Rp ≡ σ
(
1+2σ
σ
)p−1
|xa − xb|.
I will construct a bijection, B, whose domain is I (N), and whose range is
P (F (x, σ) , A), such that, for each integer, p ∈ I (N), |xk − xm| ≤ Rp holds, for
all members, k, and m, of U (R (N (B, I (p)))). This will prove the Lemma, since
U (R (N (B, I (N)))) = U (R (B)) = U (P (F (x, σ) , A)) = A, and
RN = σ
(
1+2σ
σ
)N−1
|xa − xb|.
For all p ∈ I (N), I define Tp ≡ U (R (N (B, I (p)))). Hence T1 = B1, and Tp =
Tp−1 ∪Bp, for 2 ≤ p ≤ N .
Let B1 ≡ K (F (x, σ) , A, a), and B2 ≡ K (F (x, σ) , A, b). Now the fact, that B1 is
a σ-cluster, of x, implies that |xk − xm| ≤ σ |xa − xb| holds, for all members, k, and
m, of B1, hence |xk − xm| ≤ R1 holds, for all members, k, and m, of T1 = B1. And
the fact, that B2 is a σ-cluster, of x, implies that |xk − xm| ≤ σ |xa − xb| holds, for all
members, k, and m, of B2, hence |xk − xm| ≤ R1 holds, for all members, k, and m, of
B2. Now let k be any member, of T1 = B1, and m be any member, of B2. Then
|xk − xm| ≤ |xk − xa|+|xa − xb|+|xb − xm| ≤ R1+
(
1
σ
)
R1+R1 =
(
1 + 2σ
σ
)
R1 = R2.
Now R1 ≤ R2, hence |xk − xm| ≤ R2 holds, for all members k, and m, of T2 = B1∪B2.
Now if N = 2, the proof is now complete.
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Assume, now, that N ≥ 3. I will proceed by induction, on p.
For 3 ≤ p ≤ N , assume that (p− 1) distinct members, B1, . . . , Bp−1, of
P (F (x, σ) , A), have been identified, such that |xk − xm| ≤ Rp−1 holds, for all mem-
bers, k, and m, of Tp−1 = Tp−2 ∪ Bp−1.
Now the facts, that A is a σ-cluster, of x, and that Tp−1 is not a σ-cluster, of x,
together imply, that there is a member, e, of Tp−1, and a member, f , of (A ⊢ Tp−1),
such that |xe − xf | ≤
(
1
σ
)
Rp−1.
For if there is a member, g, of Tp−1, and a member, h, of (D (x) ⊢ A), such that
|xg − xh| ≤
(
1
σ
)
Rp−1, then the facts, that Tp−1 ⊆ A, and that A is a σ-cluster, of
x, together imply, that for all u ∈ A, and v ∈ A, |xu − xv| < σ |xg − xh| ≤ Rp−1 <(
1
σ
)
Rp−1 holds, hence, since Tp−1 ⊆ A holds, and neither Tp−1, nor (A ⊢ Tp−1), is
empty, there is a member, e, of Tp−1, and a member, f , of (A ⊢ Tp−1), such that
|xe − xf | ≤
(
1
σ
)
Rp−1.
And if |xg − xh| >
(
1
σ
)
Rp−1 holds, for every member, g, of Tp−1, and every member,
h, of (D (x) ⊢ A), then the induction assumption, that |xk − xm| ≤ Rp−1 holds, for all
members, k, and m, of Tp−1, and the fact, that Tp−1 is not a σ-cluster of, x, together
imply, that there must be a member, e, of Tp−1, and a member, f , of (A ⊢ Tp−1), such
that |xe − xf | ≤
(
1
σ
)
Rp−1.
Now choose a member, e, of Tp−1, and a member, f , of (A ⊢ Tp−1), such that
|xe − xf | ≤
(
1
σ
)
Rp−1, and let Bp ≡ K (F (x, σ) , A, f). Now the fact, that Bp is a
σ-cluster, of x, implies that |xk − xm| ≤ σ |xe − xf | ≤ Rp−1 holds, for all members,
k, and m, of Bp. And by the induction assumption, |xk − xm| ≤ Rp−1 holds, for all
members, k, and m, of Tp−1. Hence, if k is any member, of Tp−1, and m is any member,
of Bp,
|xk − xm| ≤ |xk − xe|+ |xe − xf |+ |xf − xm|
≤ Rp−1 +
(
1
σ
)
Rp−1 +Rp−1 =
(
1 + 2σ
σ
)
Rp−1 = Rp
hence, since Rp−1 ≤ Rp, |xk − xm| ≤ Rp holds, for all members, k, and m, of Tp =
Tp−1
⋃
Bp, and the induction step is complete.
If I is a finite set, such that # (I) ≥ 2, and σ is a real number, such that 0 < σ < 1,
then the (# (I) d)-dimensional space, (Ed)
I , of all maps, x, such that D (x) = I, and
R (x) is a subset, of Ed, may be divided into a finite number, # (H (I)), of sectors, one
sector being associated with each high greenwood, of I, by assigning each point, x, of
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(Ed)
I , to the sector associated with the high greenwood, F (x, σ), of I.
For any ordered triple, (x, σ, F ), whose first component is a map, x, such that D (x)
is finite, # (D (x)) ≥ 2, andR (x) ⊆ Ed, and whose second component is a real number,
σ, such that 0 < σ < 1, and whose third component is a high greenwood, F , of D (x),
I define the number, A (x, σ, F ), by
A (x, σ, F ) ≡
{
1 ifif F (x, σ) = F
0 ifif F (x, σ) 6= F
}
.
Note that for any finite set, I, such that # (I) ≥ 2, and any real number, σ, such
that 0 < σ < 1, the following identity holds, for all x ∈ (Ed)
I .
∑
F∈H (I)
A (x, σ, F ) = 1.
For any ordered pair, (x, L), whose first component is a map, x, such that D (x) is
finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed, and whose second component is a real number,
L ≥ 0, the number, B (x, L), is defined, by
B (x, L) ≡
{
1 ifif |xi − xj | ≤ L, for all i ∈ D (x) , and j ∈ D (x)
0 otherwise
}
.
Note that
B (x, L) =
∏
∆≡{i,j}∈Q(D(x))
S (L− |xi − xj |) .
A set of powers is a map, α, such that D (α) is nonempty, every member, of D (α),
is a two-member set, U (D (α)) is a finite set, every two-member subset, of U (D (α)),
is a member, of D (α), and R (α) is a subset, of R.
Note that if α is a set of powers, then # (U (D (α))) ≥ 2, and D (α) = Q (U (D (α))).
If A is any finite set, such that # (A) ≥ 2, a set of powers, for A, is a set of
powers, α, such that U (D (α)) = A. Note that if α is a set of powers, for A, then
D (α) = Q (A).
For any ordered pair, (x, α), whose first component is a map, x, such that D (x) is
finite, # (D (x)) ≥ 2, and R (x) ⊆ Ed, and whose second component is a set of powers,
α, for D (x), I define
Ψ (x, α) ≡
∏
∆≡{i,j}∈Q(D(x))
|xi − xj |
−α∆ .
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For any ordered pair, (α,A), of a set of powers, α, and a subset, A, of U (D (α)), such
that # (A) ≥ 2, I define
Γ (α,A) ≡
∑
∆∈Q(A)
α∆.
For any greenwood, F , a good set of powers, for F , is a set of powers, α, for U (F ),
such that Γ (α,A) < d (# (A)− 1) holds, for every member, A, of B (F ). (Note that
the definition, of a good set of powers, for F , depends, implicitly, on d.)
For any ordered triple, (α, i, A), of a set of powers, α, a member, i, of U (D (α)),
and a subset, A, of (U (D (α)) ⊢ {i}), I define
ξ (α, i, A) ≡
∑
j∈A
α{i,j}.
4 Cluster Convergence Theorem.
Proposition. Let I be any finite set, such that # (I) ≥ 3, i be any member, of I, F
be any high greenwood, of I, α be any good set of powers, for F , σ be any real number,
such that 0 < σ < 1, and L be any real number, ≥ 0.
Let J ≡ (I ⊢ {i}).
Let K (F, J) be the set, whose members are all the high greenwoods, E, of J , such
that S (F, J) ⊆ E, and for each member, A, of B (P (F, J)), L (E,A) = L (F,A) holds.
(Note that K (F, J) is a finite set.)
Then there exists a map, η, whose domain is K (F, J), and a map, C, whose domain
is K (F, J), such that the following three statements, X1 (η), X2 (C), and X3 (η, C), all
hold.
X1 (η). For each member, E, of K (F, J), ηE is a good set of powers, for E.
X2 (C). For each member, E, of K (F, J), CE is a finite real number, ≥ 0.
X3 (η, C). For all maps, y, whose domain is J , and whose range is a subset, of Ed, the
following inequality, in which x ≡ y ∪ {(i, xi)}, holds.∫
ddxiA (x, σ, F )B (x, L) Ψ (x, α) ≤
∑
E∈K(F,J)
CEA (y, σ, E)B (y, L)Ψ (y, ηE)
Corollary. The integral, ofA (x, σ, F )B (x, L) Ψ (x, α), with respect to any (# (I)− 1)
members, of x, is finite.
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Proof. It is enough to prove the main Proposition, since the Corollary is a simple
consequence, of the main Proposition.
I shall proceed to bound
∫
ddxiA (x, σ, F )B (x, L) Ψ (x, α), where x ≡ y ∪ {(i, xi)},
and y is any map, whose domain, is J , and whose range is a subset, of Ed, in three
main steps.
A central role will be played by H (F, i), which, for any ordered pair, (F, i), of a
high greenwood, F , and a member, i, of U (F ), was defined, on page 5, by H (F, i) ≡
(C (F, {i}) ⊢ {i}) = C (F, {i}) ∩ (U (F ) ⊢ {i}).
In the present case, U (F ) = I, (U (F ) ⊢ {i}) = J , and H (F, i) is a subset, of J ,
and a member, of S (F, J).
The first step, is to find a real number, S ≥ 0, and a good set of powers, β, for F ,
such that
A (x, σ, F )B (x, L) Ψ (x, α) ≤ SA (x, σ, F )B (x, L) Ψ (x, β)
holds, for all x ∈ (Ed)
I , and, in addition, β{i,k} = 0 holds, for all k ∈ (J ⊢ H (F, i)).
If (J ⊢ H (F, i)) is nonempty, let k be any member, of (J ⊢ H (F, i)), and let j be
any member, of H (F, i). Now (H (F, i) ∪ {i}) = C (F, {i}) is a member, of F , hence,
for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, (H (F, i) ∪ {i}) is a σ-cluster, of x,
hence
|yk − yj| ≤ |yk − xi|+ |xi − yj| ≤ |yk − xi|+ σ |yk − xi| = (1 + σ) |yk − xi|
and
|yk − xi| ≤ |yk − yj|+ |yj − xi| ≤ |yk − yj|+ σ |yk − yj| = (1 + σ) |yk − yj|
both hold, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence
(1 + σ)M(α{i,k})
(
|xi − yk|
|yj − yk|
)α{i,k}
≥ 1
holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, where M (t) was defined, for
all t ∈ R, on page 6, as the absolute value of t.
(Note that, for each member, m, of J , xm, and ym, are equally valid notations, for
the second component, of the unique member, of x, whose first component, is m, since
y is the restriction, of x, to the domain, J .)
Choose a member, g, of H (F, i), and let β be the set of powers, for I, such that
β{g,k} =
(
α{g,k} + α{i,k}
)
holds, for all k ∈ (J ⊢ H (F, i)), β{i,k} = 0 holds, for all
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k ∈ (J ⊢ H (F, i)), and β∆ = α∆ holds, for all other members, ∆, of Q (I). Then
Ψ (x, β) = Ψ (x, α)
∏
k∈(J ⊢H(F,i))
(
|xi − yk|
|yg − yk|
)α{i,k}
holds, for all x ∈ (Ed)
I , and
A (x, σ, F )B (x, L) Ψ (x, α) ≤
≤

 ∏
k∈(J ⊢H(F,i))
(1 + σ)M(α{i,k})

A (x, σ, F )B (x, L) Ψ (x, β)
holds, for all x ∈ (Ed)
I .
Now, if (J ⊢ H (F, i)) = (I ⊢ (H (F, i) ∪ {i})) is nonempty, let k be any member,
of (J ⊢ H (F, i)), and let j be any member, of H (F, i). Note that (H (F, i) ∪ {i}) =
C (F, {i}) is a member, of F . Then Lemma 1, for the case that B = C (F, {i}), implies
that for every member, A, of F , {i, k} ⊆ A, ifif {j, k} ⊆ A, and this is true, in
particular, for the case j = g. Hence, for every member, A, of F , Γ (β,A) = Γ (α,A),
hence β is a good set of powers, for F .
Hence, it is now sufficient, to bound
∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β), where β is a
good set of powers, for F , such that β{i,k} = 0 holds, for all k ∈ (J ⊢ H (F, i)).
Now, the following identity holds, for all y ∈ (Ed)
J .
1 ≡
∑
E∈H (J)
A (y, σ, E) .
Hence, the following identity holds, for all x ∈ (Ed)
I .
A (x, σ, F ) ≡
∑
E∈H (J)
A (y, σ, E)A (x, σ, F ) .
Now the Corollary, to Lemma 9, implies that the product, A (y, σ, E)A (x, σ, F ), is
zero, for all x ∈ (Ed)
I , unless S (F, J) ⊆ E, for A (y, σ, E) is zero, unless F (y, σ) = E,
and A (x, σ, F ) is zero, unless F (x, σ) = F , and the Corollary, to Lemma 9, implies
that S (F (x, σ) , J) ⊆ F (y, σ).
And Corollary 1, of Lemma 10, implies that the product, A (y, σ, E)A (x, σ, F ), is
zero, for all x ∈ (Ed)
I , unless L (E,A) = L (F,A) holds, for all A ∈ B (P (F, J)), for
A (y, σ, E) is zero, unless F (y, σ) = E, and A (x, σ, F ) is zero, unless F (x, σ) = F ,
and Corollary 1, of Lemma 10, implies that L (F (y, σ) , A) = L (F (x, σ) , A) holds, for
every member, A, of B (P (F (x, σ) , J)).
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Now let K (F, J) be the set, defined on page 15, whose members are all the high
greenwoods, E, of J , such that S (F, J) ⊆ E holds, and for every member, A, of
B (P (F, J)), L (E,A) = L (F,A) holds.
Then the following identity holds, for all x ∈ (Ed)
I .
A (x, σ, F ) =
∑
E∈K(F,J)
A (y, σ, E)A (x, σ, F ) .
Now let E be any member, of K (F, J), such that (E ⊢ S (F, J)) is nonempty, A be
any member, of (E ⊢ S (F, J)), (so # (A) ≥ 2, and A ⊂ J both hold), a, and b, be any
two members, of A, such that {a, b} ∈ W (E,A), e be any member, of A, and f be any
member, of (C (E,A) ⊢ A).
Then Lemma 2 implies that {a, b} is a member of W (F, C (F,A)), hence
K (F, C (F,A) , a) 6= K (F, C (F,A) , b), and that {e, f} is a member, of Q (C (F,A)).
Hence Lemma 11 implies that
|ya − yb| ≥
(
1
σ
)(
σ
1 + 2σ
)(#(P(F,C(F,A)))−1)
|ye − yf |
holds, for all x ∈ (Ed)
I , such that the product, A (y, σ, E)A (x, σ, F ), is nonzero.
Hence
S
(
|ya − yb| −
(
1
σ
)(
σ
1 + 2σ
)(#(P(F,C(F,A)))−1)
|ye − yf |
)
,
where S (t) is the step function, defined on page 6, for all t ∈ R, is equal to 1, for all
x ∈ (Ed)
I , such that the product, A (y, σ, E)A (x, σ, F ), is nonzero.
For each nonempty, strict subset, A, of I, let
n (F,A) ≡ (# (P (F, C (F,A)))− 1) .
And for each member, E, of K (F, J), let
Θ (F, y, σ, E) ≡
≡
∏
A∈(E ⊢S(F,J))
∏
∆≡{a,b}∈W(E,A)
e∈A
f∈(C(E,A)⊢A)
S
(
|ya − yb| −
(
1
σ
)(
σ
1 + 2σ
)n(F,A)
|ye − yf |
)
,
so that Θ (F, y, σ, E) is equal to 1, for all x ∈ (Ed)
I , such that the product,
A (y, σ, E)A (x, σ, F ), is nonzero.
18
Then the following identity holds, for all x ∈ (Ed)
I .
A (x, σ, F ) =
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)A (x, σ, F ) .
Hence∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β) =
=
∑
E∈K(F,J)
∫
ddxiΘ (F, y, σ, E)A (y, σ, E)A (x, σ, F )B (x, L) Ψ (x, β)
=
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)
∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β)
holds, for all y ∈ (Ed)
J .
Now
B (x, L) =
∏
∆≡{j,k}∈Q(I)
S (L− |xj − xk|) = B (y, L)
∏
j∈J
S (L− |xi − yj |)
holds, for all x ∈ (Ed)
I , hence∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β) =
=
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)B (y, L)×
×
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
Ψ (x, β)
holds, for all y ∈ (Ed)
J .
Let µ be the restriction, of β, to the domain, Q (J).
Then
Ψ (x, β) = Ψ (y, µ)
∏
j∈H(F,i)
|xi − yj|
−β{i,j}
holds, for all x ∈ (Ed)
I , since β{i,j} = 0, for all j ∈ (J ⊢ H (F, i)). Hence∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β) =
=
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, µ) ×
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×∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
) ∏
j∈H(F,i)
|xi − yj|
−β{i,j}


holds, for all y ∈ (Ed)
J .
Now, H (F, i)∪ {i} = C (F, {i}) is a member, of F , µ is the restriction, of β, to the
domain, Q (J), and β is a good set of powers, for F , hence the following statement
holds, provided that # (H (F, i)) ≥ 2.
Γ (µ,H (F, i)) + ξ (β, i,H (F, i)) < d#(H (F, i)) .
And, if # (H (F, i)) = 1, then the following statement holds.
ξ (β, i,H (F, i)) < d
Now, if there is any member, A, of S (F, J), such that H (F, i) ⊂ A, let A be a member,
of S (F, J), such that H (F, i) ⊂ A. Now A ∈ S (F, J) implies that at least one, of
A, and A ∪ {i}, is a member, of F . But A overlaps H (F, i) ∪ {i}, and H (F, i) ∪ {i}
is a member, of F , hence A cannot be a member, of F , hence A ∪ {i} is a member,
of F . Now H (F, i) ⊂ A means that # (A) ≥ 2, since H (F, i) ≡ (C (F, {i}) ⊢ {i}), is
nonempty. Hence the facts, that µ is the restriction, of β, to the domain, Q (J), and
that β is a good set of powers, for F , imply that the following statement holds.
Γ (µ,A) + ξ (β, i, A) < d#(A) .
Now β{i,j} = 0, for all j ∈ (J ⊢ H (F, i)). Hence, if H (F, i) ⊂ A, then
ξ (β, i, A) =
∑
j∈A
β{i,j} =
∑
j∈H(F,i)
β{i,j} = ξ (β, i,H (F, i)) .
Hence, for all members, A, of B (S (F, J)), such that H (F, i, ) ⊆ A, the following
statement, T1 (A), holds.
T1 (A). Γ (µ,A) + ξ (β, i,H (F, i)) < d#(A).
And if # (H (F, i)) = 1, so H (F, i) /∈ B (S (F, J)), then ξ (β, i,H (F, i)) < d holds.
Now let A be any member, of B (S (F, J)), such that A ⊂ H (F, i). Then A ∈
S (F, J) again implies, that at least one, of A, and A ∪ {i}, is a member, of F . Now
(H (F, i) ∪ {i}) = C (F, {i}), hence {i} ⊂ (A ∪ {i}), and (A ∪ {i}) ⊂ C (F, {i}), both
hold, hence the definition, of C (F, {i}), implies that (A ∪ {i}) is not a member, of F ,
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hence A is a member, of F , hence the facts, that µ is the restriction, of β, to the domain,
Q (J), and that β is a good set of powers, for F , imply that Γ (µ,A) < d (# (A)− 1)
holds.
Now let A be any member, of B (S (F, J)), such that A ∩ H (F, i) = ∅. Then
A ∈ S (F, J) again implies, that at least one, of A, and A ∪ {i}, is a member, of F .
But A∪{i} overlaps H (F, i)∪{i}, and H (F, i)∪{i} is a member, of F , hence A∪{i}
cannot be a member of, F , hence A is a member of F , hence, again, the facts, that µ
is the restriction, of β, to the domain, Q (J), and that β is a good set of powers, for
F , imply that Γ (µ,A) < d (# (A)− 1) holds.
Hence, for each member, A, of B (S (F, J)), such that either A ⊂ H (F, i), or
A ∩H (F, i) = ∅, the following statement, T2 (A), holds.
T2 (A). Γ (µ,A) < d (# (A)− 1).
For all integers, n ≥ 0, let An denote the area, of the n-sphere, of unit radius, so
An =


2 (2pi)(
n
2 )
(n− 1)!!
(n even and ≥ 0)
2pi(
n+1
2 )(
n−1
2
)
!
(n odd and ≥ 1)


,
where (−1)!! ≡ 1, and, for n even, n ≥ 2, (n− 1)!! ≡ (n− 1) (n− 3)!!.
In the next step, I shall show how to find a real number, T ≥ 0, and a set of powers,
ν, for J , such that
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
 ∏
j∈H(F,i)
|xi − yj|
−β{i,j}

 ≤ TΨ (y, ν)
holds, for all y ∈ (Ed)
J , and such that, if a set of powers, ρ, for J , is defined, by
ρ∆ ≡ (µ∆ + ν∆), for all ∆ ∈ Q (J), then ρ is a good set of powers, for S (F, J). (ν∆
will, in fact, be nonzero, for no more than two members, ∆, of Q (J).)
I shall treat, separately, the case, where H (F, i) ∈ F , and the case, where H (F, i) /∈
F .
Case A. H (F, i) is a member, of F .
The assumption, thatH (F, i) is a member, of F , and the facts, that µ is the restriction,
of β, to the domain, Q (J), and that β is a good set of powers, for F , together imply,
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that the following statement, T3, holds, provided that # (H (F, i)) ≥ 2.
T3. Γ (µ,H (F, i)) < d (# (H (F, i))− 1).
Now the assumption, that H (F, i) is a member, of F , implies, that, for all x ∈
(Ed)
I , such that A (x, σ, F ) is nonzero, H (F, i) is a σ-cluster, of x, hence, that, for all
j ∈ H (F, i), and k ∈ H (F, i),
|xi − yk| ≤ |xi − yj |+ |yj − yk| ≤ |xi − yj|+ σ |xi − yj| = (1 + σ) |xi − yj|
holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero.
Hence, for all j ∈ H (F, i), and k ∈ H (F, i),
(1 + σ)M(β{i,j})
(
|xi − yj|
|xi − yk|
)β{i,j}
≥ 1
holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero.
Hence, choosing a member, h, of H (F, i),
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
 ∏
j∈H(F,i)
|xi − yj|
−β{i,j}

 ≤
≤
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
 ∏
j∈H(F,i)
(
(1 + σ)M(β{i,j})
|xi − yh|
β{i,j}
)

holds, for all y ∈ (Ed)
J .
Let
Ξ ≡
∏
j∈H(F,i)
(1 + σ)M(β{i,j}) .
Now ∏
j∈H(F,i)
|xi − yh|
−β{i,j} = |xi − yh|
−ξ(β,i,H(F,i)) ,
where, for any ordered triple, (α, i, A), of a set of powers, α, a member, i, of U (D (α)),
and a subset, A, of (U (D (α)) ⊢ {i}), I defined ξ (α, i, A), on page 15, by
ξ (α, i, A) ≡
∑
j∈A
α{i,j}.
Hence∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
) ∏
j∈H(F,i)
|xi − yj|
−β{i,j}

 ≤
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≤ Ξ
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i))
holds, for all y ∈ (Ed)
J .
I shall now treat, separately, the cases (d− ξ (β, i,H (F, i))) < 0,
(d− ξ (β, i,H (F, i))) > 0, and (d− ξ (β, i,H (F, i))) = 0.
Case A1. H (F, i) is a member, of F , and (d− ξ (β, i,H (F, i))) < 0.
Now, if # (H (F, i)) is equal to 1, then the facts, that β is a good set of powers, for F ,
and that H (F, i)∪ {i} is a member, of F , imply that ξ (β, i,H (F, i)) < d, hence, since
(d− ξ (β, i,H (F, i))) < 0 holds, by assumption, in the present case, H (F, i) must have
at least two members, in the present case.
Choose two members, a, and b, of H (F, i), such that K (S (F, J) ,H (F, i) , a) 6=
K (S (F, J) ,H (F, i) , b). Now, by assumption, H (F, i) is a member, of F , hence
|ya − yb| < σ |yh − xi| holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence
A (x, σ, F ) ≤ S
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)
holds, for all x ∈ (Ed)
I , hence
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i))
≤
∫
ddxiS
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)
|xi − yh|
−ξ(β,i,H(F,i)) =
=
Ad−1
((
1
σ
)
|ya − yb|
)(d−ξ(β,i,H(F,i)))
(ξ (β, i,H (F, i))− d)
holds, for all y ∈ (Ed)
J .
Hence, in the present case, ν{a,b} = (ξ (β, i,H (F, i))− d), and ν∆ = 0, for all other
members, ∆, of Q (J), hence ρ{a,b} = µ{a,b} + (ξ (β, i,H (F, i))− d), and ρ∆ = µ∆, for
all other members, ∆, of Q (J).
Now let A be any member, of B (S (F, J)). Then exactly one of the three possibili-
ties, H (F, i) ⊆ A, A ⊂ H (F, i), and A ∩H (F, i) = ∅, holds.
If H (F, i) ⊆ A, then {a, b} ⊆ A, hence Γ (ρ, A) = Γ (µ,A) + ξ (β, i,H (F, i)) − d.
Hence T1 (A) implies that Γ (ρ, A) < d (# (A)− 1).
If A ⊂ H (F, i), then {a, b} is not a subset, of A, hence Γ (ρ, A) = Γ (µ,A), hence
T2 (A) implies that Γ (ρ, A) < d (# (A)− 1).
And if A∩H (F, i) = ∅, then {a, b} is not a subset, of A, hence Γ (ρ, A) = Γ (µ,A),
hence, again, T2 (A) implies that Γ (ρ, A) < d (# (A)− 1).
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Hence, in this case, ρ is a good set of powers, for S (F, J).
Case A2. H (F, i) is a member, of F , and (d− ξ (β, i,H (F, i))) > 0.
This case includes, in particular, the case where # (H (F, i)) = 1.
I shall treat separately, the two cases, H (F, i) ⊂ J , and H (F, i) = J .
Case A2a. H (F, i) is a member, of F , (d− ξ (β, i,H (F, i))) > 0, and H (F, i) ⊂ J.
Choose a member, e, of H (F, i), and a member, f , of (C (S (F, J) ,H (F, i)) ⊢
H (F, i)). NowH (F, i)∪{i} is a member, of F , hence |xi − yh| < σ|ye − yf | holds, for all
x ∈ (Ed)
I , such thatA (x, σ, F ) is nonzero, henceA (x, σ, F ) ≤ S(σ|ye − yf | − |xi − yh|)
holds, for all x ∈ (Ed)
I , hence
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i)) ≤
≤
∫
ddxiS (σ |ye − yf | − |xi − yh|) |xi − yh|
−ξ(β,i,H(F,i))
=
Ad−1 (σ |ye − yf |)
(d−ξ(β,i,H(F,i)))
(d− ξ (β, i,H (F, i)))
holds, for all y ∈ (Ed)
J .
Hence, in the present case, ν{e,f} = (ξ (β, i,H (F, i))− d), and ν∆ = 0, for all other
members, ∆, of Q (J), hence ρ{e,f} = µ{e,f} + (ξ (β, i,H (F, i))− d), and ρ∆ = µ∆, for
all other members, ∆, of Q (J).
Now let A be any member, of B (S (F, J)). Then exactly one of the four possibilities,
A = H (F, i), H (F, i) ⊂ A, A ⊂ H (F, i, ), and A ∩ H (F, i) = 0, holds.
If A = H (F, i), then {e, f} is not a subset, of A, hence Γ (ρ, A) = Γ (µ,A) =
Γ (µ,H (F, i)), hence, since # (H (F, i)) ≥ 2, if H (F, i) ∈ B (S (F, J)), T3 implies that
Γ (ρ,H (F, i)) < d (# (H (F, i))− 1).
If H (F, i) ⊂ A, then the definition, of C (S (F, J) ,H (F, i)), implies that
(C (S (F, J) ,H (F, i)) ⊆ A , hence, since {e, f} is a subset of (C (S (F, J) ,H (F, i)) ,
{e, f} is a subset, of A, hence Γ (ρ, A) = Γ (µ,A) + ξ (β, i,H (F, i)) − d, hence T1 (A)
implies that Γ (ρ, A) < d (# (A)− 1).
And if A ⊂ H (F, i), or A ∩ H (F, i) = ∅, then {e, f} is not a subset of A, hence
Γ (ρ, A) = Γ (µ,A), hence T2 (A) implies that Γ (ρ, A) < d (# (A)− 1).
Hence, in this case, ρ is a good set of powers, for S (F, J).
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Case A2b. H (F, i) is a member, of F , (d− ξ (β, i,H(F, i))) > 0, and H (F, i) = J.
Now∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i))
≤
∫
ddxiS (L− |xi − yh|) |xi − yh|
−ξ(β,i,H(F,i)) =
=
Ad−1L
(d−ξ(β,i,H(F,i)))
(d− ξ (β, i,H (F, i)))
holds, for all y ∈ (Ed)
J , so, in the present case, ν∆ = 0, for all ∆ ∈ Q (J), hence
ρ∆ = µ∆, for all members, ∆, of Q (J), hence Γ (ρ, A) = Γ (µ,A), for all members, A,
of B (S (F, J)).
Now let A be any member, of B (S (F, J)). Then exactly one of the two possibilities,
A = H (F, i), and A ⊂ H (F, i), holds. If A = H (F, i), then T3 implies, that Γ (ρ, A) <
d (# (A)− 1), and if A ⊂ H (F, i), then T2 (A) implies, that Γ (ρ, A) < d (# (A)− 1).
Hence ρ is a good set of powers, for S (F, J), in this case.
Case A3. H (F, i) is a member, of F , and (d− ξ (β, i,H (F, i))) = 0.
Now if # (H (F, i)) is equal to 1, then the facts, that β is a good set of powers, for
F , and that H (F, i) ∪ {i} is a member, of F , imply that ξ (β, i,H (F, i)) < d, hence
# (H (F, i)) ≥ 2 must hold, in the present case.
Let
λ ≡
1
2
(d (# (H (F, i))− 1)− Γ (µ,H (F, i))) ,
which is > 0, by T3.
Choose two members, a, and b, of H (F, i), such that K (S (F, J) ,H (F, i) , a) 6=
K (S (F, J) ,H (F, i) , b), which implies that {a, b} is not a subset, of any member, of
L (S (F, J) ,H (F, i)).
I shall, again, treat separately, the two cases, H (F, i) ⊂ J , and H (F, i) = J .
Case A3a. H (F, i) is a member, of F , (d− ξ (β, i,H (F, i))) = 0, and H (F, i) ⊂ J.
Choose a member, e, of H (F, i), and a member, f , of (C (S (F, J) ,H (F, i)) ⊢
H (F, i)).
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Then the following two alternative approaches, (i), and (ii), give the same bound,
on ∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i)) =
=
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−d .
(i) The fact, that H (F, i) ∈ F , in the present case, implies that
(
σ|xi−yh|
|ya−yb|
)λ
≥ 1 holds,
for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−d
≤
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
σ |xi − yh|
|ya − yb|
)λ
|xi − yh|
−d
holds, for all y ∈ (Ed)
J .
Furthermore, the fact, that (H (F, i) ∪ {i}) ∈ F , implies that |xi − yh| < σ |ye − yf |
holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence that A (x, σ, F ) ≤
S (σ |ye − yf | − |xi − yh|) holds, for all x ∈ (Ed)
I , hence that
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
σ |xi − yh|
|ya − yb|
)λ
|xi − yh|
−d
≤
∫
ddxiS (σ |ye − yf | − |xi − yh|)
(
σ |xi − yh|
|ya − yb|
)λ
|xi − yh|
−d
= Ad−1
(
1
λ
)(
σ2 |ye − yf |
|ya − yb|
)λ
holds, for all y ∈ (Ed)
J .
(ii) Alternatively, note that the fact, that (H (F, i) ∪ {i}) ∈ F , implies that(
σ|ye−yf |
|xi−yh|
)λ
≥ 1 holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence that
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−d
≤
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
σ |ye − yf |
|xi − yh|
)λ
|xi − yh|
−d
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holds, for all y ∈ (Ed)
J .
Furthermore, the fact, thatH (F, i) ∈ F , in the present case, implies that |ya − yb| <
σ |xi − yh| holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence, that
A (x, σ, F ) ≤ S
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)
holds, for all x ∈ (Ed)
I , hence that
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
σ |ye − yf |
|xi − yh|
)λ
|xi − yh|
−d
≤
∫
ddxiS
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)(
σ |ye − yf |
|xi − yh|
)λ
|xi − yh|
−d
= Ad−1
(
1
λ
)(
σ2 |ye − yf |
|ya − yb|
)λ
holds, for all y ∈ (Ed)
J , in agreement, with the bound, given by the first approach.
Hence, in the present case, ν{a,b} = λ, ν{e,f} = −λ, and ν∆ = 0, for all other
members, ∆, of Q (J), hence ρ{a,b} = µ{a,b} + λ, ρ{e,f} = µ{e,f} − λ, and ρ∆ = µ∆, for
all other members, ∆, of Q (J).
Now, in the present case, # (H (F, i)) ≥ 2, and H (F, i) ⊂ J , hence Lemma 4
implies, that, for every member, B, of S (F, J), such that B 6= H (F, i), {e, f} is a
subset, of B, ifif {a, b} is a subset, of B.
Hence, in the present case, Γ (ρ, B) = Γ (µ,B) holds, for every member, B, of
B (S (F, J)), such that B 6= H (F, i).
Now let A be any member, of B (S (F, J)). Then exactly one, of the four possibili-
ties, A = H (F, i), H (F, i) ⊂ A, A ⊂ H (F, i), and A ∩ H (F, i) = ∅, holds.
If A = H (F, i), then {a, b} is a subset, of A, and {e, f} is not a subset, of A, hence
Γ (ρ,H (F, i)) = Γ (µ,H (F, i)) + λ
= Γ (µ,H (F, i)) +
1
2
(d (# (H (F, i))− 1)− Γ (µ,H (F, i)))
=
(
1
2
)
d (# (H (F, i))− 1) +
(
1
2
)
Γ (µ,H (F, i)) ,
and this is < d (# (H (F, i))− 1), by T3.
If H (F, i) ⊂ A, then Γ (ρ, A) = Γ (µ,A), hence T1 (A) implies, for the present case,
that ξ (β, i,H (F, i)) = d, that Γ (ρ, A) < d (# (A)− 1).
And if A ⊂ H (F, i), or A ∩ H (F, i) = ∅, then, again, Γ (ρ, A) = Γ (µ,A), hence,
T2 (A) implies, that Γ (ρ, A) < d (# (A)− 1), in the present case.
Hence ρ is a good set of powers, for S (F, J), in the present case.
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Case A3b. H (F, i) is a member, of F , (d− ξ (β, i,H(F, i))) = 0, and H (F, i) = J.
The following two alternative approaches, (i), and (ii), give the same bound on
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−ξ(β,i,H(F,i))
=
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−d .
(i) The fact, that H (F, i) ∈ F , in the present case, implies that
(
σ|xi−yh|
|ya−yb|
)λ
≥ 1 holds,
for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj |)
)
|xi − yh|
−d
≤
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
σ |xi − yh|
|ya − yb|
)λ
|xi − yh|
−d
≤
∫
ddxiS (L− |xi − yh|)
(
σ |xi − yh|
|ya − yb|
)λ
|xi − yh|
−d
= Ad−1
(
1
λ
)(
σL
|ya − yb|
)λ
holds, for all y ∈ (Ed)
J .
(ii) Alternatively, note that
(
L
|xi−yh|
)λ
≥ 1 holds, for all x ∈ (Ed)
I , such that
(∏
j∈J
S (L− |xi − yj|)
)
is nonzero, hence
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
|xi − yh|
−d
≤
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj |)
)(
L
|xi − yh|
)λ
|xi − yh|
−d
holds, for all y ∈ (Ed)
J .
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Furthermore, the fact, thatH (F, i) ∈ F , in the present case, implies that |ya − yb| <
σ |xi − yh| holds, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence, that
A (x, σ, F ) ≤ S
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)
holds, for all x ∈ (Ed)
I , hence, that∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)(
L
|xi − yh|
)λ
|xi − yh|
−d
≤
∫
ddxiA (x, σ, F )
(
L
|xi − yh|
)λ
|xi − yh|
−d
≤
∫
ddxiS
(
|xi − yh| −
(
1
σ
)
|ya − yb|
)(
L
|xi − yh|
)λ
|xi − yh|
−d
= Ad−1
(
1
λ
)(
σL
|ya − yb|
)λ
holds, for all y ∈ (Ed)
J , in agreement, with the bound, given by the first approach.
Hence, in the present case, ν{a,b} = λ, and ν∆ = 0, for all other members, ∆, of
Q (J), hence ρ{a,b} = µ{a,b} + λ, and ρ∆ = µ∆, for all other members, ∆, of Q (J).
Now, in the present case, H (F, i) = J , hence, if A is any member, of S (F, J), such
that A 6= H (F, i), then A ⊂ H (F, i) holds.
Now {a, b} is not a subset, of any member, of L (S (F, J) ,H (F, i)), hence, in the
present case, if A is any member, of S (F, J), such that A 6= H (F, i), then {a, b} is not
a subset, of A, hence Γ (ρ, A) = Γ (µ,A).
Hence, in the present case, if A is any member, of B (S (F, J)), such that A 6=
H (F, i), then Γ (ρ, A) = Γ (µ,A), and A ⊂ H (F, i) both hold, hence T2 (A) implies,
that Γ (ρ, A) < d (# (A)− 1).
Furthermore,
Γ (ρ,H (F, i)) = Γ (µ,H (F, i)) + λ
= Γ (µ,H (F, i)) +
1
2
(d (# (H (F, i))− 1)− Γ (µ,H (F, i)))
=
(
1
2
)
d (# (H (F, i))− 1) +
(
1
2
)
Γ (µ,H (F, i)) ,
and this is < d (# (H (F, i))− 1), by T3.
Hence ρ is a good set of powers, for S (F, J), in the present case, and all cases,
where H (F, i) ∈ F , have now been dealt with. Thus, in every case, where H (F, i) ∈ F
holds, I have found a finite real number, T ≥ 0, and a set of powers, ν, for J , such that∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
 ∏
j∈H(F,i)
|xi − yj|
−β{i,j}

 ≤ TΨ (y, ν)
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holds, for all y ∈ (Ed)
J , and such that, if a set of powers, ρ, for J , is defined, by
ρ∆ ≡ (µ∆ + ν∆), for all ∆ ∈ Q (J), then ρ is a good set of powers, for S (F, J).
Case B. H (F, i) is not a member, of F .
Note that the assumption, that H (F, i) is not a member, of F , implies that
# (H (F, i)) ≥ 2.
Now, by Lemma 6, the assumption, that H (F, i) is not a member, of F , implies
that there exist two members, a, and b, of H (F, i), such that K (F, C (F, {i}) , a) 6=
K (F, C (F, {i}) , b).
Let j be any member, of H (F, i), and let a, and b, be any two members, of H (F, i),
such that K (F, C (F, {i}) , a) 6= K (F, C (F, {i}) , b). Then {i, j}, and {a, b}, are both
members, of W (F, C (F, {i})), hence, by Lemma 11,
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1)
|xi − yj| ≥ |ya − yb|
and
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1)
|ya − yb| ≥ |xi − yj|
both hold, for all x ∈ (Ed)
I , such that A (x, σ, F ) 6= 0.
Hence
A (x, σ, F )
(
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1))M(β{i,j})( |xi − yj|
|ya − yb|
)β{i,j}
≥ A (x, σ, F )
holds, for all x ∈ (Ed)
I .
Now choose two members, a, and b, of H (F, i), such that K (F, C (F, {i}) , a) 6=
K (F, C (F, {i}) , b). Let
Ω ≡
∏
j∈H(F,i)


(
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1))M(β{i,j}) .
Then∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
) ∏
j∈H(F,i)
|xi − yj|
−β{i,j}


≤
∫
ddxiA (x, σ, F )

 ∏
j∈H(F,i)
|xi − yj|
−β{i,j}


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≤ Ω
∫
ddxiA (x, σ, F )

 ∏
j∈H(F,i)
|ya − yb|
−β{i,j}


= Ω
∫
ddxiA (x, σ, F ) |ya − yb|
−ξ(β,i,H(F,i))
= Ω |ya − yb|
−ξ(β,i,H(F,i))
∫
ddxiA (x, σ, F )
holds, for all y ∈ (Ed)
J .
Now, if j is any member, of H (F, i),
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1)
|ya − yb| ≥ |xi − yj|
holds, in the present case, for all x ∈ (Ed)
I , such that A (x, σ, F ) is nonzero, hence
A (x, σ, F ) ≤ S
(
σ
(
1 + 2σ
σ
)(#(P(F,C(F,{i})))−1)
|ya − yb| − |xi − yj|
)
holds, for all x ∈ (Ed)
I .
Let N (F, i) ≡ (# (P (F, C (F, {i})))− 1). (Note that the assumption, that H (F, i)
is not a member, of F , in the present case, implies that N (F, i) is equal to
# (P (S (F, J) ,H (F, i))), in the present case.)
Choose a member, k, of H (F, i). Then
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
) ∏
j∈H(F,i)
|xi − yj|
−β{i,j}


≤ Ω |ya − yb|
−ξ(β,i,H(F,i))
∫
ddxiA (x, σ, F ) ≤
≤ Ω |ya − yb|
−ξ(β,i,H(F,i))
∫
ddxiS
(
σ
(
1 + 2σ
σ
)N(F,i)
|ya − yb| − |xi − yk|
)
= Ω
Ad−1
d
(
σ
(
1 + 2σ
σ
)N(F,i))d
|ya − yb|
(d−ξ(β,i,H(F,i))) .
Hence, in the present case, ν{a,b} = (ξ (β, i,H (F, i))− d), and ν∆ = 0, for all other
members, ∆, of Q (J), hence ρ{a,b} = µ{a,b} + (ξ (β, i,H (F, i))− d), and ρ∆ = µ∆, for
all other members, ∆, of Q (J).
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Now let A be any member, of B (S (F, J)). Now H (F, i) is a member, of S (F, J),
hence exactly one of the three possibilities, H (F, i) ⊆ A, A ⊂ H (F, i), and A ∩
H (F, i) = ∅, holds.
If H (F, i) ⊆ A, then {a, b} is a subset, of A, hence Γ (ρ, A) = Γ (µ,A)+
ξ (β, i,H (F, i))− d, hence T1 (A) implies, that Γ (ρ, A) < d (# (A)− 1).
Now suppose A ⊂ H (F, i). Now, by Lemma 7, the assumption, that H (F, i) is not
a member, of F , in the present case, implies, that P (S (F, J) ,H (F, i)) =
(P (F, C (F, {i})) ⊢ {{i}}) holds, in the present case. Hence, the facts, that a, and b,
are members, of H (F, i), and the fact, that K (F, C (F, {i}) , a) 6= K (F, C (F, {i}) , b),
together imply, that K (S (F, J) ,H (F, i) , a) 6= K (S (F, J) ,H (F, i) , b), hence, since
A ⊂ H (F, i), that {a, b} is not a subset, of A. Hence Γ (ρ, A) = Γ (µ,A), hence T2 (A)
implies, that Γ (ρ, A) < d (# (A)− 1).
Now suppose A ∩ H (F, i) = ∅. Then {a, b} is not a subset, of A, hence Γ (ρ, A) =
Γ (µ,A), and T2 (A), again, implies, that Γ (ρ, A) < d (# (A)− 1).
Hence ρ is a good set of powers, for S (F, J), in the present case.
Thus, in the case where H (F, i) /∈ F holds, I have now found a finite real number,
T ≥ 0, and a set of powers, ν, for J , such that
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
) ∏
j∈H(F,i)
|xi − yj|
−β{i,j}

 ≤ TΨ (y, ν)
holds, for all y ∈ (Ed)
J , and such that, if a set of powers, ρ, for J , is defined, by
ρ∆ ≡ (µ∆ + ν∆), for all ∆ ∈ Q (J), then ρ is a good set of powers, for S (F, J).
Every case has now been covered. Hence I have shown, in this step, that if β is any
good set of powers, for F , such that β{i,j} = 0 holds, for all j ∈ (J ⊢ H (F, i)), and µ
is the restriction, of β, to the domain, Q (J), then there exists a finite real number,
T ≥ 0, and a good set of powers, ρ, for S (F, J), such that∫
ddxiA (x, σ, F )B (x, L) Ψ (x, β) =
=
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, µ) ×
×
∫
ddxiA (x, σ, F )
(∏
j∈J
S (L− |xi − yj|)
)
 ∏
j∈H(F,i)
|xi − yj|
−β{i,j}


≤ T
∑
E∈K(F,J)
Θ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, ρ)
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holds, for all y ∈ (Ed)
J , where K (F, J) was defined, on page 15, as the set, whose
members are all the high greenwoods, E, of J , such that S (F, J) ⊆ E holds, and such
that, for each member, A, of B (P (F, J)), L (E,A) = L (F,A) holds, and for each
member, E, of K (F, J), Θ (F, y, σ, E) was defined, on page 18, as
Θ (F, y, σ, E) ≡
≡
∏
B∈(E ⊢S(F,J))
∏
∆≡{a,b}∈W(E,B)
e∈B
f∈(C(E,B)⊢B)
S
(
|ya − yb| −
(
1
σ
)(
σ
1 + 2σ
)n(F,B)
|ye − yf |
)
,
where, for each nonempty, strict subset, B, of I, n (F,B) was defined, on page 18, as
n (F,B) ≡ (# (P (F, C (F,B)))− 1) .
In the final step, I shall find, for each member, E, of K (F, J), a finite real number,
UE ≥ 0, and a good set of powers, ηE , for E, such that
Θ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, ρ) ≤ UEA (y, σ, E)B (y, L)Ψ (y, ηE)
holds, for all y ∈ (Ed)
J .
Choose a finite real number, τ , such that τ > 0, and for each ordered pair, (E,B),
of a member, E, of K (F, J), such that (E ⊢ S (F, J)) is nonempty, and a member,
B, of (E ⊢ S (F, J)), choose two members, a (E,B), and b (E,B), of B, such that
K (E,B, a (E,B)) 6= K (E,B, b (E,B)), and a member, e (E,B), of B, and a member,
f (E,B), of (C (E,B) ⊢ B).
Note that, for all s ∈ R, U (s) was defined, on page 6, as
U (s) ≡
{
s if s ≥ 0
0 if s ≤ 0
}
.
Then, for each ordered pair, (E,B), of a member, E, of K (F, J), such that
(E ⊢ S (F, J)) is nonempty, and a member, B, of (E ⊢ S (F, J)),
(
σ
(
1 + 2σ
σ
)n(F,B)(∣∣ya(E,B) − yb(E,B)∣∣∣∣ye(E,B) − yf(E,B)∣∣
))U(τ+Γ(ρ,B)−d(#(B)−1))
≥ 1
holds, for all y ∈ (Ed)
J , such that Θ (F, y, σ, E) 6= 0, since U (s) ≥ 0, for all s ∈ R.
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For each member, E, of K (F, J), let ηE be the set of powers, for E, such that
Ψ (y, ηE) = Ψ (y, ρ)

 ∏
B∈(E ⊢S(F,J))
(∣∣ya(E,B) − yb(E,B)∣∣∣∣ye(E,B) − yf(E,B)∣∣
)U(τ+Γ(ρ,B)−d(#(B)−1))
holds, for all y ∈ (Ed)
J , and let
UE ≡

 ∏
B∈(E ⊢S(F,J))
(
σ
(
1 + 2σ
σ
)n(F,B))U(τ+Γ(ρ,B)−d(#(B)−1)) .
Then
Θ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, ρ)
≤ UEΘ (F, y, σ, E)A (y, σ, E)B (y, L)Ψ (y, ηE)
≤ UEA (y, σ, E)B (y, L)Ψ (y, ηE)
holds, for all y ∈ (Ed)
J .
Now let E be any member, of K (F, J), such that (E ⊢ S (F, J)) is nonempty, let A
be any member, of E, and let B be any member, of (E ⊢ S (F, J)), such that B 6= A.
Then, by Lemma 3, {e (E,B) , f (E,B)} is a subset, of A, ifif {a (E,B) , b (E,B)} is a
subset, of A.
Hence, if E is any member, of K (F, J), and A is any member, of S (F, J), then
Γ (ηE , A) = Γ (ρ, A), hence, the fact, that ρ is a good set of powers, for S (F, J), implies
that Γ (ηE , A) < d (# (A)− 1).
And if E is any member, of K (F, J), such that (E ⊢ S (F, J)) is nonempty, and A
is any member, of (E ⊢ S (F, J)), then
Γ (ηE , A) = Γ (ρ, A)− U (τ + Γ (ρ, A)− d (# (A)− 1))
=
{
d (# (A)− 1)− τ if Γ (ρ, A) ≥ (d (# (A)− 1)− τ)
Γ (ρ, A) if Γ (ρ, A) ≤ (d (# (A)− 1)− τ)
}
= min ((d (# (A)− 1)− τ) ,Γ (ρ, A))
≤ (d (# (A)− 1)− τ)
< d (# (A)− 1) .
Hence ηE is a good set of powers, for E.
For each member, E, of K (F, J), let CE ≡ STUE.
34
Then, for any good set of powers, α, for F , I have found a map, η, whose domain
is K (F, J), and a map, C, whose domain is K (F, J), such that, for each member, E,
of K (F, J), ηE is a good set of powers, for E, and for each member, E, of K (F, J), CE
is a finite real number, ≥ 0, and for all maps, y, whose domain is J , and whose range
is a subset, of Ed, the following inequality, in which x ≡ y ∪ {(i, xi)}, holds.∫
ddxiA (x, σ, F )B (x, L) Ψ (x, α) ≤
∑
E∈K(F,J)
CEA (y, σ, E)B (y, L)Ψ (y, ηE)
Hence the proof, of the Cluster Convergence Theorem, is now complete.
There is a second case, of the main Proposition, of the Cluster Convergence Theo-
rem, which differs, from that, stated on page 15, only in that α is assumed to be a good
set of powers, only for (F ⊢ {U (F )}), rather than for F , and in that, for each member,
E, of K (F, J), ηE is proved to be a good set of powers, only for (E ⊢ {U (E)}), rather
than for E. The proof, of this second case, may be obtained from the proof I have
given, of the Proposition, stated on page 15, by checking, that, in the proof I have
given, no use is made, of the assumed bound, Γ (α, I) < d (# (I)− 1), other than to
obtain the bounds, Γ (ηE, J) < d (# (J)− 1), for each member, E, of K (F, J).
In a paper, to follow this one, I shall use the Cluster Convergence Theorem, to
prove part of a BPHZ convergence theorem, directly in Euclidean position space.
Appendix.
In this appendix, I will display, for any ordered quintuple, (F, σ, d, z, L), of a high
greenwood, F , a real number, σ, such that 0 < σ < 1, an integer, d ≥1, a point, z, of Ed,
and a real number, L > 0, a subset, Z(F, σ, d, z, L), of (Ed)
U(F ), such that Z(F, σ, d, z, L)
has nonzero ((# (U (F ))) d)-volume, F (x, σ) = F holds, for all x ∈ Z (F, σ, d, z, L), and
|xi − z| ≤ L holds, for every member, i, of U (F ), for all x ∈ Z (F, σ, d, z, L).
For any ordered triple, (d, z, L), of an integer, d ≥ 1, a point, z, of Ed, and a real
number, L > 0, I define V (d, z, L), the d-ball, of centre, z, and radius, L, to be the
set, whose members are all the points, s, of Ed, such that |s− z| ≤ L. A d-ball is a
subset, A, of Ed, such that there is a point, z, of Ed, and a real number, L > 0, such
that A = V (d, z, L). Note that every d-ball has nonzero d-volume.
For each integer, N ≥ 1, let I (N) be the set, whose members are the N integers,
≥ 1, and ≤ N .
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Note that a bijection was defined, on page 3, to be a map,M , such that if (a, b) ∈M ,
and (e, f) ∈M , then b = f implies a = e.
I will first construct a map, w, and a map, R, with the following five properties,
Y1, Y2, Y3, Y4, and Y5.
Y1. D (w) = D (R) = F .
Y2. R (w) is a subset, of Ed, and every member, of R (R), is a real number, > 0.
Y3. wU(F ) = z, and RU(F ) = L.
Y4. If A, and B, are members, of F , such that A⊆B, then V(d, wA, RA)⊆V(d, wB, RB).
Y5. If A is any member, of B (F ), and x is any map, such that D (x) = U (F ),
R (x) ⊆ Ed, and for every member, B, of P (F,A), R (N (x,B)) ⊆ V (d, wB, RB)
holds, then P (F (N (x,A) , σ) , A) = P (F,A) holds.
For each member, A, of B (F ), I define NA ≡ #(P (F,A)).
Choose a real number, τ , such that 0 < τ < min
((
1−σ
2σ2
)
, 1
)
. (For example, τ =(
1−σ
2
)
, would be adequate.)
Choose a map, M , such that D (M) = (F ⊢ {U (F )}), and for each member, B, of
(F ⊢ {U (F )}), MB is an integer, ≥ 1, and ≤ NC(F,B), (hence MB ∈ I
(
NC(F,B)
)
), and
such that, if A, and B, are two distinct members, of F , such that C (F,A) = C (F,B),
then MA 6= MB. This means that, for each member, A, of B (F ), N (M,P (F,A)) is a
bijection, whose domain is P (F,A), and whose range is I (NA).
For each ordered pair, (A, n), of a member, A, of B (F ), and a member, n, of I (NA),
I define J (A, n) to be the unique member, B, of P (F,A), such that MB = n.
Choose a map, u, such that D (u) = B (F ), and for each member, A, of B (F ), uA
is a unit vector. (uA could be the same unit vector, for every member, A, of B (F ), but
need not be.)
I first define, directly, wU(F ) ≡ z, and RU(F ) ≡ L, so that Y3 is satisfied.
Now, for each member, B, of (F ⊢ {U (F )}), I define wB, and RB, in terms of
wC(F,B), and RC(F,B), by
wB ≡ wC(F,B) +
(
2MB −NC(F,B) − 1
NC(F,B)
)
RC(F,B)uC(F,B),
and
RB ≡
(
στ
1 + στ
)(
RC(F,B)
NC(F,B)
)
.
These relations define w, and R, completely, by induction, on the levels, in F , of
the members, of F .
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The explicit formula, for RA, for any member, A, of F , is
RA = L
(
στ
1 + στ
)L(F,A) ∏
B∈E(F,A)
(
1
NB
)
,
where, for any ordered pair, (F,A), of a greenwood, F , and a nonempty subset, A, of
U (F ), I defined E (F,A), the stem, of A, in F , on page 4, as the set, whose members
are all the members, B, of F , such that A ⊂ B.
For each member, A, of (F ⊢ {U (F )}), let V (F,A) ≡ ((E (F,A) ⊢ {U (F )}) ∪ {A}).
Then the explicit formula, for wA, for any member, A, of (F ⊢ {U (F )}), is
wA = z+
∑
B∈V(F,A)
(
2MB −NC(F,B) − 1
NC(F,B)
)
RC(F,B)uC(F,B)
= z+
∑
B∈V(F,A)
(
2MB −NC(F,B) − 1
NC(F,B)
)L( στ
1 + στ
)L(F,C(F,B)) ∏
K∈E(F,C(F,B))
(
1
NK
) uC(F,B).
These relations imply, that, if A is any member, of B (F ), and B is any member, of
P (F,A), then wB lies on the straight line, between (wA −RAuA), and (wA +RAuA).
Furthermore, if A is any member, of B (F ), and B is any member, of P (F,A), then
|wA − wB| ≤
(
NA−1
NA
)
RA holds. And RB =
(
RA
NA
) (
στ
1+στ
)
, hence, if s is any point, in
V (d, wB, RB), then, by the triangle inequality,
|wA − s| ≤ |wA − wB|+ |wB − s|
≤
(
NA − 1
NA
)
RA +
(
RA
NA
)(
στ
1 + στ
)
= RA −
(
RA
NA
)(
1
1 + στ
)
< RA
holds, hence V (d, wB, RB) ⊆ V (d, wA, RA) holds.
Hence, if A, and B, are any members, of F , such that A ⊆ B, and
(L (F,A)− L (F,B)) = 1, both hold, then V (d, wA, RA) ⊆ V (d, wB, RB) holds.
Now let n by any integer, ≥ 1, such that, if A, and B, are any members, of F ,
such that A ⊆ B, and (L (F,A)− L (F,B)) = n, both hold, then V (d, wA, RA) ⊆
V (d, wB, RB) holds, and let H , and K, be any members, of F , such that H ⊆ K, and
(L (F,H)− L (F,K)) = (n+ 1), both hold. Then C (F,H) ⊆ K, and (L (F, C(F,H))−
L (F,K)) = n, both hold, hence V
(
d, wC(F,H), RC(F,H)
)
⊆ V (d, wK , RK) holds. Hence,
since V (d, wH, RH) ⊆ V
(
d, wC(F,H), RC(F,H)
)
, also holds, V (d, wH, RH) ⊆ V(d, wK , RK)
holds.
Hence, by induction, on n, if A, and B, are any members, of F , such that A ⊆ B,
and (L (F,A)− L (F,B)) ≥ 1, both hold, then V (d, wA, RA) ⊆ V (d, wB, RB) holds.
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Now, if A, and B, are members, of F , such that A ⊆ B, and (L (F,A)− L (F,B)) =
0 holds, then A = B, hence V (d, wA, RA) ⊆ V (d, wB, RB) holds.
Hence, if A, and B, are any members, of F , such that A ⊆ B holds, then
V (d, wA, RA) ⊆ V (d, wB, RB) holds, hence Y4 holds.
Now let A be any member, of B (F ), and let y be any map, such that D (y) = A,
R (y) ⊆ Ed, and for each member, B, of P (F,A), R (N (y, B)) ⊆ V (d, wB, RB).
Let G be any member, of P (F,A), and let a, and b, be any members, of G. Then
the following inequality, Z1, holds.
Z1. |ya − yb| ≤ |ya − wG|+|wG − yb| ≤ 2RG =
(
2RA
NA
)(
στ
1 + στ
)
.
Let H , and K, be any two distinct members, of P (F,A), and let h be any member,
of H , and let k be any member, of K. Then(
2RA
NA
)
M (MH −MK) = |wH − wK | ≤ |wH − yh|+ |yh − yk|+ |yk − wK |
holds, hence, since H 6= K implies that M (MH −MK) ≥ 1 holds, the following in-
equality, Z2, holds.
Z2. |yh − yk| ≥
(
2RA
NA
)
M (MH −MK)− |wH − yh| − |yk − wK |
≥
(
2RA
NA
)(
M (MH −MK)−
(
στ
1 + στ
))
≥
(
2RA
NA
)(
1
1 + στ
)
.
Let Q, and T , be any members, of P (F,A), such that M (MQ −MT ) = 1, and let
q be any member, of Q, and let t be any member, of T . Then |wQ − wT | =
(
2RA
NA
)
,
hence the following inequality, Z3, holds.
Z3. |yq − yt| ≤ |yq − wQ|+ |wQ − wT |+ |wT − yt|
≤
(
RA
NA
)((
στ
1 + στ
)
+ 2 +
(
στ
1 + στ
))
=
(
2RA
NA
)(
1 + 2στ
1 + στ
)
.
Now let B be any member, of P (F,A).
Then, if # (B) = 1, then B is automatically a σ-cluster, of y. If # (B) ≥ 2, let e
be any member, of B, and let f be any member, of (A ⊢ B). Then K (F,A, f) 6= B,
hence, by Z2, for the case H = B, K = K (F,A, f), h = e, and k = f , |ye − yf | ≥(
2RA
NA
) (
1
1+στ
)
holds.
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Now 0 < τ < 1 holds, hence, by Z1, for the case G = B, |ya − yb| < σ |ye − yf |
holds, for all a ∈ B, b ∈ B, e ∈ B, and f ∈ (A ⊢ B). Hence B is a σ-cluster, of y.
Hence every member, of P (F,A), is a σ-cluster, of y.
Now let U be any strict subset, of A, such that U is not a subset, of any member,
B, of P (F,A). I will show that U is not a σ-cluster, of y.
The fact, that U is not a subset, of any member, of P (F,A), implies that there are
two distinct members, H , and K, of P (F,A), such that H ∩ U , and K ∩ U , are both
nonempty. Hence, by Z2, there exists a member, h, of U , and a member, k, of U , such
that |yh − yk| ≥
(
2RA
NA
) (
1
1+στ
)
holds.
Now 0 < σ < 1 holds, hence, by Lemma 8, no two σ-clusters, of y, overlap, hence,
if U overlaps any member, of P (F,A), then U is not a σ-cluster, of y.
Assume, now, that U does not overlap any member, of P (F,A). Then, for each
member, B, of P (F,A), exactly one, of B ⊂ U , and B ∩ U = ∅, holds, since, by
assumption, U is not a subset, of any member, of P (F,A).
Furthermore, the assumption, that U is not a subset, of any member, of P (F,A),
implies that there are at least two members, B, of P (F,A), such that B ⊂ U holds,
and the assumption, that U is a strict subset, of A, implies that there is at least one
member, B, of P (F,A), such that B ∩ U = ∅ holds.
Now, if J (A, 1) ⊂ U holds, let n be the smallest member, of I (NA), such that
U ∩ J (A, n) = ∅ holds, (hence n ≥ 2), and let T ≡ J (A, n), and let Q ≡ J (A, (n− 1)).
And if U ∩ J (A, 1) = ∅ holds, let n be the smallest member, of I (NA), such that
J (A, n) ⊂ U holds, (hence n ≥ 2), and let Q ≡ J (A, n), and let T ≡ J (A, (n− 1)).
Then Q ⊆ U , and T ⊆ (A ⊢ U), both hold. Furthermore, M (MQ −MT ) = 1
holds, hence, if q is any member, of Q, and t is any member, of T , then, by Z3,
|yq − yt| ≤
(
2RA
NA
) (
1+2στ
1+στ
)
holds.
Hence, since Q, and T , are both nonempty, there exists a member, q, of U , and a
member, t, of (A ⊢ U), such that |yq − yt| ≤
(
2RA
NA
) (
1+2στ
1+στ
)
holds.
Now I showed, above, that the fact, that U is not a subset, of any member, of
P (F,A), implies that there is a member, h, of U , and a member, k, of U , such that
|yh − yk| ≥
(
2RA
NA
) (
1
1+στ
)
holds. Furthermore, τ ≤
(
1−σ
2σ2
)
holds, by assumption, hence
σ (1 + 2στ) ≤ σ
(
1 +
(
1−σ
σ
))
= 1 holds, hence σ |yq − yt| ≤ |yh − yk| holds, hence U is
not a σ-cluster, of y.
Hence, if B is any member, of P (F,A), then B is a σ-cluster, of y, and there is
no σ-cluster, U , of y, such that B ⊂ U , and U ⊂ A, both hold, hence B is a member,
39
of P (F (y, σ) , A). Hence P (F,A) ⊆ P (F (y, σ) , A) holds. But U (P (F (y, σ) , A)) =
A = U (P (F,A)), hence P (F (y, σ) , A) = P (F,A).
Now let A be any member, of B (F ), and let x be any map, such that D (x) = U (F ),
R (x) ⊆ Ed, and, for each member, B, of P (F,A), R (N (x,B)) ⊆ V (d, wB, RB)
holds. Let y ≡ N (x,A). Then y is a map, such that D (y) = A, R (y) ⊆ Ed,
and, for each member, B, of P (F,A), R (N (y, B)) ⊆ V (d, wB, RB) holds. Hence
P (F (N (x,A) , σ) , A) = P (F (y, σ) , A) = P (F,A) holds, and Y5 is verified.
Now let x be any member, of (Ed)
U(F ), such that, for every member, i, of U (F ),
xi ∈ V
(
d, w{i}, R{i}
)
holds.
Let A be any member, of B (F ), and let B be any member, of P (F,A). Then,
for each member, i, of B, {i} ⊆ B holds, hence Y4 implies, that V
(
d, w{i}, R{i}
)
⊆
V (d, wB, RB) holds, hence xi ∈ V (d, wB, RB) holds, hence R (N (x,B))⊆V (d, wB, RB)
holds, hence Y5 implies, that P (F (N (x,A) , σ) , A) = P (F,A) holds.
Note, now, that U (F ) = D (x) is a member, of B (F ), and a σ-cluster, of x, hence,
at least one member, of B (F ), is a σ-cluster, of x.
Now let A be any member, of B (F ), such that A is a σ-cluster, of x. Then, by
Corollary 2, of Lemma 10, P (F (N (x,A) , σ) , A) = P (F (x, σ) , A) holds.
And, by Y5, P (F (N (x,A) , σ) , A) = P (F,A) holds.
Hence, if A is any member, of B (F ), such that A is a σ-cluster, of x, then
P (F (x, σ) , A) = P (F,A) holds.
Now U (F ) is the only member, A, of F , such that L (F,A) = 0, and U (F ) is a
σ-cluster, of x, hence every member, A, of F , such that L (F,A) = 0, is a σ-cluster, of
x.
Now let n be any integer, ≥ 0, such that every member, A, of F , such that
L (F,A) = n, is a σ-cluster, of x, and let B be any member, of F , such that L (F,B) =
(n + 1). Then L (F, C (F,B)) = n, hence C (F,B) is a σ-cluster, of x, hence
P (F (x, σ) , C (F,B)) = P (F, C (F,B)), hence B is a member of P (F (x, σ) , C (F,B)),
(since B is a member of P (F, C (F,B))), hence B is a σ-cluster, of x.
Hence, if n is any integer, ≥ 0, such that every member, A, of F , such that
L (F,A) = n, is a σ-cluster, of x, then every member, B, of F , such that L (F,B) =
(n + 1), is a σ-cluster, of x.
Now every member, A, of F , such that L (F,A) = 0, is a σ-cluster, of x. Hence, by
induction, on n, every member, of F , is a σ-cluster, of x.
Hence F ⊆ F (x, σ).
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Furthermore, since P (F (x, σ) , A) = P (F,A) holds, for every member, A, of B (F ),
such that A is a σ-cluster, of x, and every member, A, of B (F ), is a σ-cluster, of x,
P (F (x, σ) , A) = P (F,A) holds, for every member, A, of B (F ).
I shall now show, that (F (x, σ) ⊢ F ), is empty.
If (F (x, σ) ⊢ F ) is nonempty, let B be a member, of (F (x, σ) ⊢ F ). Then B 6=
U (F ), hence C (F,B) is defined.
Now F ⊆ F (x, σ), hence B overlaps no member of F , hence, for each member, A,
of P (F, C (F,B)), exactly one, of the four possibilities, A = B, B ⊂ A, A ∩ B = ∅,
and A ⊂ B, holds. Now B /∈ F , hence A = B cannot hold. And A ⊂ C (F,B) holds,
hence, by the definition, of C (F,B), B ⊂ A cannot hold.
Now B is nonempty, and is a subset, of C (F,B), and P (F, C (F,B)) is a partition,
of C (F,B), hence A ∩ B = ∅ cannot hold, for every member, A, of P (F, C (F,B)),
hence there must be some member, say K, of P (F, C (F,B)), such that K ⊂ B holds.
Hence, since B ∈ F (x, σ), and B ⊂ C (F,B), both hold, K is not a member, of
P (F (x, σ) , C (F,B)). This contradicts P (F (x, σ) , C (F,B)) = P (F, C (F,B)).
Hence (F (x, σ) ⊢ F ) is empty, hence F (x, σ) = F .
Now, let D be the map, such that D (D) = U (F ), and, for each member, i, of U (F ),
Di = V
(
d, w{i}, R{i}
)
.
Note that R (D) is a finite set, all of whose members, are d-balls.
Let Z (F, σ, d, z, L) be the set, whose members are all the maps, x ∈ (Ed)
U(F ), such
that xi ∈ Di holds, for every member, i, of U (F ). Then the ((# (U (F ))) d)-volume, of
Z (F, σ, d, z, L), is the product, of the d-volumes, of the members, of R (D), hence, is
nonzero. Furthermore, F (x, σ) = F holds, for all x ∈ Z (F, σ, d, z, L), and |xi − z| ≤ L
holds, for every member, i, of U (F ), for all x ∈ Z (F, σ, d, z, L).
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